In this paper, we develop a low-complexity channel estimation for hybrid millimeter wave (mmWave) systems, where the number of radio frequency (RF) chains is much less than the number of antennas equipped at each transceiver. The proposed channel estimation algorithm aims to estimate the strongest angle-of-arrivals (AoAs) at both the base station (BS) and the users. Then all the users transmit orthogonal pilot symbols to the BS via these estimated strongest AoAs to facilitate the channel estimation. The algorithm does not require any explicit channel state information (CSI) feedback from the users and the associated signalling overhead of the algorithm is only proportional to the number of users, which is significantly less compared to various existing schemes. Besides, the proposed algorithm is applicable to both non-sparse and sparse mmWave channel environments. Based on the estimated CSI, zero-forcing (ZF) precoding is adopted for multiuser downlink transmission. In addition, we derive a tight achievable rate upper bound of the system. Our analytical and simulation results show that the proposed scheme offer a considerable achievable rate gain compared to fully digital systems, where the number of RF chains equipped at each transceiver is equal to the number of antennas. Furthermore, the achievable rate performance gap between the considered hybrid mmWave systems and the fully digital system is characterized, which provides useful system design insights.
performance [11, [15] [16] [17] [18] . Specifically, the use of a large number of antennas, connected with only a small number of independent RF chains at transceivers, is adopted to exploit the large array gain to compensate the inherent high path loss in mmWave channels [12, 19] . Yet, the hybrid system imposes a restriction on the number of RF chains which introduces a paradigm shift in the design of both resource allocation algorithms and transceiver signal processing.
Conventionally, pilot-aided channel estimation algorithms are widely adopted for fully digital multiuser (MU) timedivision duplex (TDD) massive MIMO systems [8] operating in sub-6 GHz frequency bands. However, these algorithms cannot be directly applied to hybrid mmWave systems as the number of RF chains is much small than the number of antennas. In fact, for the channel estimation in hybrid mmWave systems, the strategies of allocating analog/digital beams to different users and estimating the equivalent baseband channels are still an open area of research [16] . Recently, several improved mmWave channel estimation algorithms were proposed [4, 16] . The overlapped beam patterns and rate adaptation channel estimation were investigated in [4] to reduce the required training time for channel estimation. Then, the improved limited feedback hybrid channel estimation was proposed [16] to maximize the received signal power at each single user so as to reduce the required training and feedback overheads. However, explicit channel state information (CSI) feedback from users is still required for these channel estimation algorithms. In practice, CSI feedbacks may cause system rate performance degradation due to the limited amount of the feedback and the limited resolution of CSI quantization. In addition, the CSI feedback also requires exceedingly high consumption of time resource. Therefore, a low-complexity mmWave channel estimation algorithm, which does not require explicit CSI feedback, is necessary to unlock the potential of hybrid mmWave systems.
In the literature, most of the existing mmWave channel estimation algorithms leverage the sparsity of mmWave channels due to the extremely short wavelength of mmWave [4, 16] . Generally, in suburban areas or outdoor long distance propagation environment [19] , the sparsity of mmWave channels can be well exploited. In practical urban areas (especially in the city center), the number of unexpected scattering clusters increases significantly and mmW communication channels may not be necessarily sparse. For instance, in the field measurements in Daejeon city, Korea, and the associated raytracing simulation [19] , the angle of arrivals (AoAs) at the BS and the users were observed under the impact of non- negligible scattering clusters. In addition, existing mmWave channel estimation algorithms [4, 16, 20] , which are designed based on the assumption of channel sparsity, may not be applicable to non-sparse mmWave channels. Indeed, the scattering clusters of mmWave channels due to macro-objects or backscattering from the objects, have a significant impact on system performance and cannot be neglected in the system design. Therefore, there is an emerging need for a channel estimation algorithm which is applicable to both non-sparse and sparse mmWave channels.
Motivated by aforementioned discussions, we consider a MU hybrid mmWave system. In particular, we propose and detail a novel non-feedback non-iterative channel estimation algorithm which is applicable to both non-sparse and sparse mmWave channels. Also, we analyze the achievable rate performance of the mmWave system using ZF precoding based on the estimated equivalent channel information.
Our main contributions are summarized as follows:
• We propose a three-step MU channel estimation scheme for mmWave channels. In the first two steps, we estimate the strongest AoAs at both the BS and the users instead of estimating the combination of multiple AoAs. The estimated strongest AoAs will be exploited for the design of BS and users beamforming matrices. In the third step, all the users transmit orthogonal pilot symbols to the BS via the beamforming matrices. We note that the proposed channel estimation scheme does not require explicit CSI feedbacks from the users as well as iterative measurements. The required training overheads of our proposed algorithm only scale with the number of users. Besides, the proposed algorithm is very general, which is not only applicable to sparse mmWave channels, but also suitable for non-sparse channels. • We analyze the achievable rate performance of the proposed ZF precoding scheme based on the estimated CSI of an equivalent channel. While assuming the equivalent CSI is perfectly known at the BS, we derive a tight performance upper bound of our proposed scheme. Also, we quantify the performance gap between the proposed hybrid scheme and the fully digital system in terms of achievable rate per user. It is interesting to note this the performance gap is determined by the strongest AoA component to the scattering component ratio. Notation: tr(·) denotes trace operation; · F denotes the Frobenius norm of matrix; λ i (·) denotes the i-th maximum eigenvalue of a matrix; diag {a} is a diagonal matrix with the entries a on its diagonal; [·] * and [·] T denote the complex conjugate and transpose operations, respectively. The distribution of a circularly symmetric complex Gaussian (CSCG) random vector with a mean vector x and a covariance matrix σ 2 I is denoted by CN (x, σ 2 I), and ∼ means "distributed as". C N ×M denotes the space of N × M matrices with complex entries.
II. SYSTEM MODEL
We consider a MU hybrid mmWave system which consists of one base station (BS) and N users in a single cell, as shown in Figure 1 . The BS is equipped with M ≥ 1 antennas and N RF radio frequency (RF) chains to serve the N users. We assume that each user is equipped with P antennas connected to a single RF chain such that M N RF N . In the following sections, we set N = N RF to simplify the analysis. Each RF chain at the BS can access to all the antennas by using M phase shifters, as shown in Figure 2 . At each BS, the number of phase shifters is M × N RF . Due to significant propagation attenuation at mmWave frequency, the system is dedicated to cover a small area, e.g. cell radius is ∼ 150 m. We assume that the users and the BS are fully synchronized and time division duplex (TDD) is adopted to facilitate uplink and downlink communications [8] . In previous work [16] , mmWave channels were assumed to have sparse propagation paths between the BS and the users. However, in recent field tests, both a strong line-of-sight (LOS) component and non-negligible scattering component may exist in mmWave propagation channels [12, 19, 21] , especially in the urban area. In particular, mmWave channels can also be modeled by non-sparse Rician fading and with a large Rician K-factor 1 (approximately ≥ 5 dB) [12, 19, 22] .
Let H k ∈ C M ×P be the uplink channel matrix between the k-th user and the BS in the cell. We assume that H k is a slow time-varying block Rician fading channel, i.e., the channel is constant in a block but varies slowly from one block to another. Then, in this paper, we assume that the channel matrix H k can be decomposed into a deterministic LOS channel matrix H L,k ∈ C M ×P and a scattered channel matrix H S,k ∈ C M ×P [3, 21] , i.e.,
where
and G S,k = diag 1 υ k +1 , respectively, and υ k > 0 is the Rician Kfactor of user k. In general, we can adopt different array structures, e.g. uniform linear array (ULA) and uniform panel array (UPA) for both the BS and the users. Here, we adopt the ULA for it is commonly implemented in practice [16] . We assume that all the users are separated by hundreds of wavelengths or more [8] . Thus, we can express the deterministic LOS channel matrix H L,k of the k-th user as [23] 
where h BS L,k ∈ C M ×1 and h L,k ∈ C P ×1 are the antenna array response vectors of the BS and the k-th user respectively. In particular, h BS L,k and h L,k can be expressed as [23, 24] 
and
respectively, where d is the distance between the neighboring antennas and λ is the wavelength of the carrier frequency.
Variables θ k ∈ [0, +π] and φ k ∈ [0, +π] are the angles of incidence of the LOS path at antenna arrays of the BS and user k, respectively. For convenience, we set d = λ 2 for the rest of the paper which is an assumption commonly adopted in the literature [23, 24] .
Without loss of generality, we assume that the scattering component H S,k consists N cl clusters and each cluster contributes N l propagation path [21] , which can be expressed as
where h BS i,l ∈ C M ×1 and h k,i,l ∈ C P ×1 are the antenna array response vectors of the BS and the k-th user associated to the (i, l)-th propagation path, respectively. Here, α i,l ∼ CN (0, 1) represents the path attenuation of the (i, l)-th propagation path and h S,k ∈ C M ×1 is the k-th column vector of H S,k . With the increasing number of clusters, the path attenuation coefficients and the AoAs between the users and the BS become randomly distributed [19, 21] . Therefore, we model the entries of scattering component H S,k in a general manner as an independent and identically distributed (i.i.d.) random variable 2 CN (0, 1). 
III. PROPOSED HYBRID CHANNEL ESTIMATION
In practice, the hybrid system imposes a fundamental challenge for mmWave channel estimation. Unfortunately, the conventional pilot-aided channel estimation for fully digital systems, e.g. [4, 16] , is not applicable to the considered hybrid mmWave system. The reasons are that the number of RF chains is much smaller than the number of antennas equipped at the BS and the transceiver beamforming matrix cannot be acquired.
To address this important issue, we propose a new pilotaided hybrid channel estimation, which mainly contains three steps as shown in Figure 3 . In the first and second steps, we introduce unique unmodulated frequency tones for strongest AoAs estimation, which is inspired by signal processing in monopulse radar and sonar systems [23] . The estimated strongest AoAs at both the BS and the users sides will be used for the design of BS and users beamforming matrices. In the third step, orthogonal pilot sequences are transmitted from all the users to the BS to estimate the uplink channels, which will be adpoted for the design of the BS digital baseband downlink precoder by exploiting the reciprocity between the uplink and downlink channels. 1)
Step 1: First, all the users transmit unique frequency tones to the desired BS in the uplink simultaneously. For the k-th user, an unique unmodulated frequency tone, x k = cos (2πf k t) , k ∈ {1, · · · , N}, is transmitted from one of the omni-directional antennas in the antenna array to the BS. Here, f k is the single carrier frequency and t stands for time and f k = f j , ∀k = j. For the AoA estimation, if the condition f k −fj fc < 10 −4 , ∀k = j is satisfied, the AoA estimation error by using ULA with a single tone is generally negligible [24] , where f c is the system carrier frequency. The pass-band received signal of user k at the BS, y BS k , is given by
where z BS denotes the thermal noise at the antenna array of the BS, z BS ∼ CN 0, σ 2 BS I , and σ 2 BS is the noise variance at each antenna of the BS.
To facilitate the estimation of AoA, we perform a linear angular domain search in [0, 180] with an angle search step size of 180 J . Therefore, the AoA detection matrix Γ k ∈ C M ×J , Γ k = γ k,1 , . . . , γ k,J contains J column vectors. The i-th vector γ k,i ∈ C M ×1 , i ∈ {1, · · · , J}, stands for a potential AoA of user k at the BS and is given by
where θ i = (i − 1) 180 J , i ∈ {1, · · · , J}, is the assumed AoA and γ H k,i γ k,i = 1. For the AoA estimation of user k, Γ k is implemented in the M phase shifters connected by the k-th RF chain. The local oscillator (LO) of the k-th RF chain at the BS generates the same carrier frequency f k to down convert the received signals to the baseband, as shown in Figure 2 . After the down-conversion, the signals will be filtered by a low pass filter which can remove other frequency tones. The equivalent received signal at the BS from user k at the i-th potential AoA is given by
The potential AoA, which leads to the maximum value among the J observation directions, i.e.,
is considered as the AoA of user k. Besides, vector γ k corresponding to the AoA with maximal value in (9) will be exploited as the k-th user's beamforming vector at the BS. As a result, we can also estimate all other users' uplink AoAs at the BS from their corresponding transmitted signals simultaneously. For notational simplicity, we denote F RF = γ 1 , . . . , γ N ∈ C M ×N as the BS beamforming matrix.
2) Step 2: The BS sends orthogonal frequency tones to all the users exploiting beamforming matrix F RF obtained in step 1. This facilitates the downlink AoAs estimation at the users and this information will be used to design the beamforming vectors to be adopted at the users.
The received signal y UE k at user k can be expressed as
where z MS denotes the thermal noise at the antenna array of the users, z MS ∼ CN 0, σ 2 MS I , and σ 2 MS is the noise variance for all the users.
The AoA detection matrix for user k, Ω k ∈ C P ×J , which also contains J estimation column vectors, is implemented at phase shifters of user k. The i-th column vector of matrix Ω k for user k, ω k,i ∈ C P ×1 , i ∈ {1, · · · , J}, is given by
where φ i = (i − 1) 180 J , i ∈ {1, · · · , J}, is the i-th potential AoA of user k and ω H k,i ω k,i = 1. With similar procedures as shown in step 1, the equivalent received signal from the BS at user k of the i-th potential AoA is given by
Similarly, we search for the maximum value among J observation directions and design the beamforming vector based on the estimated AoA of user k. The beamforming vector for user k is given by
and we denote the matrix Q RF = ω * 1 , . . . , ω * N ∈ C P ×N as the users beamforming matrix.
3)
Step 3: The BS and users beamforming matrices based on estimated uplink AoAs and downlink AoAs are designed via step 1 and step 2, respectively. After that, all the users transmit orthogonal pilot sequences to the BS via user beamforming vectors ω * k . We denote the pilot sequences of the k-th user in the cell as
, stands for N symbols transmitted across time. The pilot symbols used for the equivalent channel 3 estimation are transmitted in sequence from symbol ϑ k (1) to symbol ϑ k (N ). The pilot symbols for all the N users form a matrix, Ψ ∈ C N ×N , where Φ k is a column vector of matrix Ψ given by
where Φ H i Φ j = 0, ∀i = j, i, j ∈ {1, · · · N }, and E P represents the transmitted pilot symbol energy. Note that Ψ H Ψ = E P I N . Meanwhile, the BS beamforming matrix F RF is utilized to receive pilot sequences at all the RF chains. As the length of the pilot sequences is equal to the number of users, we obtain an N × N observation matrix from all the RF chains at the BS. In particular, the received signal at the k-th RF chain at the BS is s T k ∈ C 1×N , which is given by
where Z ∈ C M ×N denotes the additive white Gaussian noise matrix at the BS and the entries of Z are modeled by i.i.d. random variable with distribution CN 0, σ 2 BS . After s 1 , · · · , s N is obtained, we then adopt the least square (LS) method for our equivalent channel estimation. We note here, the LS method is widely used in practice since it does not require any prior channel information. Subsequently, with the help of orthogonal pilot sequences, we can construct an equivalent hybrid uplink channel matrix H eq ∈ C N ×N formed by the proposed scheme via the LS estimation method. Then, due to the channel reciprocity, the equivalent downlink (20) .
channel of the hybrid system H T eq can be expressed as:
From Equation (16), we observe that the proposed hybrid channel estimation can obtain all users' equivalent CSI simultaneously. Compared to existing channel estimation methods, e.g. compressed-sensing algorithm [16] , the proposed algorithm does not require explicit CSI feedback from each antenna equipped at the desired users.
IV. HYBRID ZF PRECODING AND PERFORMANCE ANALYSIS
In this section, we illustrate and analyze the achievable rate performance per user of the considered hybrid mmWave system under ZF downlink transmission. The ZF downlink precoding is based on the estimated hybrid equivalent channel H eq , which subsumes the BS beamforming matrix F RF and the users beamforming matrix Q RF . We derive a closed-form upper bound of achievable rate per user of ZF precoding in hybrid mmWave systems. Also, we compare the system achievable rate upper bound obtained by the fully digital system exploiting ZF precoding for a large number of antennas.
A. ZF Precoding
Now, we utilize the estimated equivalent channel for downlink ZF precoding. To study the best achievable rate performance of the proposed scheme, we first assume that the equivalent channel is estimated in the high signal-to-noise ratio (SNR) regime, e.g. E P → ∞. Then, the baseband digital ZF precoder W eq ∈ C N ×N based on H eq is given by W eq = H * eq (H T eq H * eq ) −1 = w eq,1 , . . . , w eq,N , (17) where w eq,k ∈ C N ×1 is the k-th column of ZF precoder for user k. As each user is equipped with only one RF chain, one superimposed signal is received at each user at each time instant with hybrid transceivers. The received signal at user k after receive beamforming can be expressed as:
where x k ∈ C 1×1 is the transmitted symbol from the BS to user k in the desired cell, E x 2 k = E s , E s is the average transmitted symbol energy for each user, β = 1 tr(WeqW is the transmission power normalization factor, and the effective noise part z MS,k ∼ CN 0, σ 2 MS I . Then we express the signal-to-interference-plus-noise ratio (SINR) of user k as
In the sequel, we study the performance of the considered hybrid mmWave system. For simplicity, we assume the mmWave channels of all the users have the same Rician K-factor, i.e., υ k = υ, ∀k.
B. Performance Upper Bound of ZF Precoding
Now, exploiting the SINR expression in (19) , we summarize the upper bound of achievable rate per user of the ZF precoding in a theorem at the top of this page. From Equation (20) , we see that the upper bound of achievable rate per user of the proposed hybrid ZF precoding depends on the Rician K-factor, υ. We can further observe that the upper bound of the achievable rate per user also depends on the BS beamforming matrix F RF designed in step 2 of the proposed CSI estimation. With an increasing number of antennas at the BS, communication channels are more likely to be orthogonal. Therefore, it is interesting to evaluate the asymptotic upper bound R upper HB for the case of a large number of antennas. We note that, even if the number of antennas equipped at the BS is sufficiently large, the required number of RF chains is still equal to the number of users in the hybrid mmWave systems and the result is summarized in Corollary 1 at the top of this page. In Equation (21), we have the intuitive observation that the performance of the proposed hybrid precoding is mainly 
C. Performance of Fully Digital System
In this section, we derive the achievable rate performance of a fully digital mmWave system in the large numbers of antennas regime. The obtained analytical results in this section will be used to compare with the considered hybrid system in the simulation section. To this end, for the fully digital mmWave system, we assume that each user is equipped with one RF chain and P antennas. The P antenna array equipped at each user can provide 10 log 10 (P ) dB array gain. We note that, the number of antennas equipped at the BS is M and the number of RF chains equipped at the BS is equal to the number of antennas. The channel matrix for user k is given by
We assume that the CSI is perfectly known to the users and the BS is with the fully digital system to illustrate the maximal performance gap between the proposed structure and the perfect case. Therefore, the achievable rate per user upper bound of the fully digital system is summarized in the following Corollary 2.
Corollary 2. In the large numbers of antennas regime, the asymptotic achievable rate per user of the fully digital system is bounded above by
Proof: The result follows similar procedures the proof as in Appendix A.
In the large numbers of antennas regime, based on (21) and (23) , it is interesting to observe that with an increasing Rician K-factor υ, the performance upper bounds of the two considered structures will coincide. Algorithm in [16] , single path Our algorithm, single path Analog-only beamsteering, single path Algorithm in [16] , multi-path Our algorithm, multi-path Analog-only beamsteering Rician K-factor = 1, multi-path = 8
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Multi-path Single-path Figure 5 : The average achievable rate per user (bits/s/Hz) versus SNR for [16] proposed algorithm and our proposed algorithm.
V. SIMULATION AND DISCUSSION
In this section, we present numerical results to validate our analysis. We consider a single cell hybrid mmWave system. In Figure 4 , we present a comparison between the achievable rate per user of the hybrid system and the fully digital system for M = 100, N = 10, and a Rician Kfactor of υ k = 2, ∀k. First, our simulation results verify the tightness of derived upper bounds in (21) and (23) . It can be observed from Figure 4 that, even for a small value of Rician K-factor, our proposed channel estimation scheme with ZF precoding can achieve considerable high sum rate performance due to its interference suppression capability. In addition, the performance gap between the fully digital system and the hybrid system is small, which is determined by the strongest AoA component to the scattering component ratio.
In Figure 5 , we illustrate the effectiveness of the proposed non-sparse mmWave channel estimation algorithm. We assume perfect channel estimation with M = 100, N = 4, and P = 16. For non-sparse mmWave channels, we assume υ k = 1, ∀k. In Figure 5 , we compare between the achievable rates using the proposed hybrid algorithm and the algorithm proposed by [16] for sparse and non-sparse mmWave channels. For sparse single-path channels, the achievable rate of the proposed algorithm matches with the algorithm proposed in [16] . For non-sparse mmWave channels, with the number of multi-paths N l = 8, we observe that the proposed algorithm achieves a better system performance than that of the algorithm proposed in [16] . The reason is that, the proposed algorithm takes the scattering components into account and exploits the strongest AoAs of all the users to suppress the MU interference. In contrast, the algorithm proposed in [16] , which aims to maximize the desired signal energy, does not suppress the MU interference as effective as our proposed algorithm. Furthermore, Figure 5 also illustrates that a significant achievable rate gain is brought by the proposed channel estimation and ZF precoding over a simple analog-only beamforming steering scheme.
VI. CONCLUSIONS
In this paper, we proposed a low-complexity mmWave channel estimation for the MU hybrid mmWave systems, which is applicable for both sparse and non-sparse mmWave channel environments. The achievable rate performance of ZF precoding based on the proposed channel estimation scheme was derived and compared with the achievable rate of fully digital systems. The analytical and simulation results indicated that the proposed scheme can approach the rate performance achieved by the fully digital system with sufficient large Rician K-factors.
APPENDIX

A. Proof of Theorem 1
The average achievable rate per user of ZF precoding is given by R HB = E HS log 2 1 + tr (H T eq H * eq ) −1 −1 E s σ 2
MS
.
(24) First, we introduce some preliminaries. Since H T eq H * eq is a positive definite Hermitian matrix, by eigenvalue decomposition, it can be decomposed as H T eq H * eq = UΛV H , Λ ∈ C N ×N is the positive diagonal eigenvalue matrix, while V ∈ C N ×N and U ∈ C N ×N are unitary matrixes, U = V H . The sum of the eigenvalues of H T eq H * eq equals to the trace of matrix Λ. Then we can rewrite the power normalization factor in (24) as
In addition, f (x) = x −1 is a strictly decreasing convex function and exploiting the convexity, we have the following results [26] :
Therefore, based on (25) and (26), we have the following inequality:
From (27), Equation (24) can be rewritten as (20) in Theorem 1.
